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Abstract 

These lectures give a description of models with minimal flavour vio- 
lation (MFV) that can be tested in B and K meson decays. This class 
of models can be formulated to a very good approximation in terms of 11 
parameters: 4 parameters of the CKM matrix and 7 values of the universal 
master functions Fr that parametrize the short distance contributions. In 
a given MFV model, Fr can be calculated in perturbation theory and are 
generally correlated with each other but in a model independent analysis 
they must be considered as free parameters. We conjecture that only 5 or 
even only 4 of these functions receive significant new physics contributions. 
We summarize the status of the CKM matrix, outline strategies for the de- 
termination of the values of F^ and present a number of relations between 
physical observables that do not depend on F^ at all. We emphasize that the 
formulation of MFV in terms of master functions allows to study transpar- 
ently correlations between B and K decays which is very difficult if Wilson 
coefficients normalized at low energy scales are used instead. We discuss 
briefly a specific MFV model: the Standard Model with one universal large 
extra dimension. 
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These lectures give a description of models with minimal flavour vio- 
lation (MFV) that can be tested in B and K meson decays. This class 
of models can be formulated to a very good approximation in terms of 11 
parameters: 4 parameters of the CKM matrix and 7 values of the universal 
master functions Fr that parametrize the short distance contributions. In 
a given MFV model, Fr can be calculated in perturbation theory and are 
generally correlated with each other but in a model independent analysis 
they must be considered as free parameters. We conjecture that only 5 
or even only 4 of these functions receive significant new physics contribu- 
tions. We summarize the status of the CKM matrix, outline strategies for 
the determination of the values of Fr and present a number of relations 
between physical observables that do not depend on Fr at all. We empha- 
size that the formulation of MFV in terms of master functions allows to 
study transparently correlations between B and K decays which is very 
difficult if Wilson coefficients normalized at low energy scales are used in- 
stead. We discuss briefly a specific MFV model: the Standard Model with 
one universal large extra dimension. 

1. Introduction 

The understanding of flavour dynamics is one of the most important 
goals of elementary particle physics. Because this understanding will likely 
come from very short distance scales, the loop induced processes like flavour 
changing neutral current (FCNC) transitions will for some time continue to 
play a crucial role in achieving this goal. They can be studied most efficiently 
in K and B decays but D decays and hyperon decays can also offer useful 
information in this respect. 

Within the Standard Model (SM), the FCNC processes are governed by 

• the unitary Cabibbo-Kobayashi-Maskawa (CKM) matrix [1, 2] that 
parametrizes the weak charged current interactions of quarks, 
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• the Glashow-Iliopoulos-Maiani (GIM) mechanism [3] that forbids the 
appearance of FCNC processes at the tree level with the size of its 
violation at the one loop level depending sensitively on the CKM pa- 
rameters and the masses of exchanged particles, 

• the asymptotic freedom of QCD [4] that allows to calculate the im- 
pact of strong interactions on weak decays at sufficiently short dis- 
tance scales within the framework of renormalization group improved 
perturbation theory, 

• the operator product expansion (OPE) [5] with local operators hav- 
ing a specific Dirac structure and their matrix elements calculated 
by means of non-perturbative methods or in certain cases extracted 
from experimental data on leading decays with the help of flavour 
symmetries. 

The present data on rare and CP violating K and B decays are consistent 
with this structure but as only a handfuU of FCNC processes have been 
measured, it is to be seen whether some modification of this picture will be 
required in the future when the data improve. 

In order to appreciate the simplicity of the structure of FCNC processes 
within the SM, let us realize that although the CKM matrix is introduced 
in connection with charged current interactions of quarks, its departure 
from the unit matrix is the origin of all flavour violating and CP-violating 
transitions in this model. Out there, at very short distance scales, the 
picture could still be very different. In particular, new complex phases 
could be present in both charged and neutral tree level interactions, the 
GIM mechanism could be violated already at the tree level, the number of 
parameters describing flavour violations could be significantly larger than 
the four present in the CKM matrix and the number of operators governing 
the decays could also be larger. We know all this through extensive studies 
of complicated extensions of the SM. 

In these lectures we will discuss a class of models in which the general 
structure of FCNC processes present in the SM is preserved. In particu- 
lar all flavour violating and CP-violating transitions are governed by the 
CKM matrix and the only relevant local operators are the ones that are 
relevant in the SM. We will call this scenario "Minimal Flavour Violation" 
(MFV) [6] being aware of the fact that for some authors [7, 8] MFV means 
a more general framework in which also new operators can give significant 
contributions. 

In the MFV models, as defined in [6], the decay amplitudes for any decay 
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of interest can be written as follows [9, 10] 

A(Decay) = Pc(Decay) + ^ Pr(Decay) Fr{v), (1.1) 

r 

with Fr{v) being real. summarizes contributions stemming from light 
internal quarks, in particular the charm quark, and the sum incorporates 
the remaining contributions. 

The objects Pc, Pj- and Fr have the following general properties: 

1. Fr{v) are process independent universal "master functions" that in 
the SM reduce to the so-called Inami-Lim functions [11]. The master func- 
tions result from the calculations of various box and penguin diagrams. In 
the SM they depend only on the ratio m|/M^ but in other models new 
parameters enter, like the masses of charginos, squarks, charged Higgs par- 
ticles and tan /3 in the MSSM and the compactification radius R in models 
with large extra dimensions. We will collectively denote these parameters by 
V. Up to some reservations to be made in the next section, there are seven 
master functions [9, 10] that in a given MFV model can be calculated as 
functions oi v. As in some extensions of the SM the number of free parame- 
ters in Fr is smaller than seven, the functions F^ are not always independent 
of each other. However, in a general model independent analysis of MFV 
we have to deal with seven parameters, the values of the master functions, 
that can be in principle determined experimentally. Now, there are several 
decays to which a single master function contributes. These decays are par- 
ticularly suited for the determination of the value of this single function. 
Equally important, by taking ratios of branching ratios for different decays, 
it is possible to obtain relations between observables that do not depend on 
Fr{v) at all. These relations can be regarded as "sum rules" of MFV. Their 
violation by experimental data would indicate the presence of new complex 
phases beyond the CKM phase and/or new local operators and generally 
new sources of flavour and CP violation. Finally, explicit calculations in- 
dicate that the number of relevant master functions can be reduced to five 
or even four in which case the system becomes more constrained. We will 
discuss all this below. 

2. The coefficients Pc and Pr are process dependent but within the class 
of MFV models they are model independent. Pc and Pr depend on hadronic 
matrix elements of local operators Qi that usually are parametrized by Bi 
factors. The latter can be calculated in QCD by means of non-perturbative 
methods. For instance in the case mixing, the matrix element of 
the operator S7^(l — 75)^(8)57^(1 — 75)^ is represented by the parameter Bk- 
There are other non-perturbative parameters in the MFV that represent 
matrix elements of operators Qi with different colour and Dirac structures. 
The important property of Pc and Pr is their manifest independence of the 
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choice of the operator basis in the effective weak Hamiltonian [9]. Pc and Pr 
include also QCD factors rjf^^ that summarize the renormalization group 

effects at scales below /x = 0{M\Y,mt). Similar to the Bi factors, rjf"^ do 
not depend on a particular MFV model and can be simply calculated within 
the SM. This universality of rj^^^ requires a careful treatment of QCD 
corrections at scales /lx = 0(Mw,mt) as discussed in Section 2. Finally, 
Pc and Pr depend on the four parameters of the CKM matrix. As the 
l.h.s of (1.1) can be extracted from experiment and is v independent, while 
the r.h.s involves v that are specific to a given MFV model, the values 
of the CKM parameters extracted from the data must in principle be v 
dependent in order to cancel the v dependence of the master functions. 
On the other hand, as stated in the first item, it is possible to consider 
ratios of branching ratios in which the functions Fj cancel out. Such ratios 
are particularly suited for the determination of the true universal CKM 
parameters corresponding to the full class of MFV models. With such an 
approach, the coefficients Pc and Pr become indeed model independent and 
the predictions for A(Deca-y) must depend on v. Consequently, only certain 
values for Fr{v), corresponding to a particular MFV model, will describe 
the data correctly 
To summarize: 

• A model independent analysis of MFV involves eleven parameters: the 
real values of the seven master functions Fr, and four CKM parame- 
ters, that can be determined independently of Fr, 

• There exist relations between branching ratios that do not involve the 
functions Fr at all. They can be used to test the general concept of 
MFV in a model independent manner. 

• Explicit calculations indicate that the number of the relevant master 
functions can likely be reduced. 

These lecture notes provide a rather non-technical description of MFV. 
In Section 2 we discuss briefly the basic theoretical concepts leading to the 
master MFV formula (1.1), recall the CKM matrix and the unitarity triangle 
and discuss the origin of the seven master functions in question. We also 
argue that only five (even only four) functions Fr are phenomenologically 
relevant. Section 3 is devoted to the determination of the CKM matrix 
and of the unitarity triangle both within the SM and in a general MFV 
model. In Section 4 we list most interesting MFV relations between various 
observables. In Section 5 we outline procedures for the determination of the 
values of the seven (five) master functions from the present and forthcoming 
data. In Section 6 we present the results in a specific MFV model: the SM 
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with one universal large extra dimension. We give a brief summary in 
Section 7. 

These lectures are complementary to my recent Schladming lectures [12]. 
The discussion of various types of CP violation, the detailed presentation 
of the methods for the determination of the angles of the unitarity triangle 
and detailed treatment of e'/e and K ttuu can be found there, in my 
Erice lectures [13] and [14]. More technical aspects of the field are given in 
my Les Houches lectures [15], in the review [16] and in a very recent TASI 
lectures on effective field theories [17]. Finally, I would like to recommend 
the working group reports [18, 19, 20, 21] and most recent reviews [22]. A 
lot of material, but an exciting one. 

2. Theory of MFV 

2.1. Preface 

The MFV models have already been investigated in the 1980's and in 
the first half of the 1990's. However, their precise formulation has been 
given only recently, first in [23] in the context of the MSSM with minimal 
flavour violation and subsequently in a model independent manner in [6]. 
This particular formulation is very simple. It collects in one class models in 
which 

• All flavour changing transitions are governed by the CKM matrix with 
the CKM phase being the only source of CP violation, in particular 
there are no FCNC processes at the tree level, 

• The only relevant operators in the effective Hamiltonian below the 
weak scale are those that are also relevant in the SM. 

The SM, the Two Higgs Doublet Models I and II, the MSSM with minimal 
flavour violation, all with not too large tan/?, and the SM with one extra 
universal large dimension belong to this class. 

Another formulation, a profound one, that uses flavour symmetries has 
been presented in [7]. Similar ideas in the context of specific new physics 
scenarios can be found in [24, 25, 26]. While there is a considerable over- 
lap of the approach in [7] with [6] there are differences between these two 
approaches that are phenomenologically relevant. In short: in this formu- 
lation new operators that are strongly suppressed in the SM are admitted, 
modifying in certain cases the phenomenology of weak decays in a signif- 
icant manner. This is in particular the case of the MSSM with minimal 
flavour violation but large tan/?, where scalar operators originating from 
Higgs penguins become important. Similar comments apply to [8]. In these 
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lectures we will only discuss the MFV models defined, as in [6], by the two 
items above. 

The first model independent analysis of the MFV models appeared to 
my knowledge already in [27] with the restriction to B decays. However, 
the approach of [27] differs from the one presented here in that the basic 
phenomenological quantities in [27] are the values of Wilson coefficients of 
the relevant operators evaluated at /x = 0{mi,) and not the values of the 
master functions. The most recent analysis of this type can be found in 



If one assumes in accordance with the experimental findings that all 
new particles have masses larger than AI^z it is more useful to describe 
the MFV models directly in terms of the master functions Fr{v) rather than 
with the help of the Wilson coefficients normalized at low energy scales. We 
will emphasize this in more detail below. 

The formulation of decay amplitudes in terms of seven master functions 
has been proposed for the first time in [9, 10] in the context of the SM. 
The correlations between various functions and decays within the SM have 
been first presented in [10]. Subsequent analyses of this type, still within 
the SM, can be found in [29, 30]. These lectures discuss the general aspects 
of MFV models in terms of the master functions, reviewing the results in 
the literature and presenting new ones. 



The master formula (1.1), obtained first within the SM a long time 
ago [9], is based on the operator product expansion (OPE) [5] that allows 
to separate short {jJ-sn) and long (hld) distance contributions to weak 
amplitudes and on the renormalization group (RG) methods that allow to 
sum large logarithms \og pLsD / IJ-ld to all orders in perturbation theory. The 
full exposition of these methods can be found in [15, 16]. 

The OPE allows to write the effective weak Hamiltonian simply as fol- 
lows 



Here Gi? is the Fermi constant and Qi are the relevant local operators which 
govern the decays in question. They are built out of quark and lepton 
fields. The CKM factors V^j^j^ [1, 2] and the Wilson coefficients Cj(/i) 
describe the strength with which a given operator enters the Hamiltonian. 
The Wilson coefficients can be considered as scale dependent "couplings" 
related to "vertices" Qi and can be calculated using perturbative methods 
as long as /x is not too small. 



[28]. 



2.2. The Basis 




(2.1) 
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An amplitude for a decay of a given meson M = K,B,.. into a final 
state F = TTvu, vrvr, DK is then simply given by 

A{M^F) = {F\neff\M) = ^^VSKMCi{fi){Fmfi)\M), (2.2) 

where {F\Qi{iJ,)\M) are the matrix elements of Qi between M and F, eval- 
uated at the renormalization scale jj,. 

The essential virtue of OPE is that it allows to separate the problem 
of calculating the amplitude A{M F) into two distinct parts: the short 
distance (perturbative) calculation of the coefficients Ci(/x) and the long- 
distance (generally non-perturbative) calculation of the matrix elements 
{Qi{ji)). The scale ji separates, roughly speaking, the physics contributions 
into short distance contributions contained in Cj(/Lt) and the long distance 
contributions contained in (Qj (//)). Thus Cj include the top quark contri- 
butions and contributions from other heavy particles such as W-, Z-bosons, 
charged Higgs particles, super symmetric particles and Kaluza-Klein modes 
in models with large extra dimensions. Consequently, Ci(/Lt) depend gen- 
erally on mt and also on the masses of new particles if extensions of the 
SM are considered. This dependence can be found by evaluating so-called 
box and penguin diagrams with full W-, Z-, top- and new particle exchanges 
and properly including short distance QCD effects. The latter govern the 
/x-dependence of Ci{pi). 

The value of jj, can be chosen arbitrarily but the final result must be 
//-independent. Therefore the /x-dependence of Cj(/x) has to cancel the 
dependence of {Qi{^)). The same comments apply to the renormalization 
scheme dependence of Ci{ji) and {Qi{ji)). 

Now due to the fact that for low energy processes the appropriate scale 
jjL is much smaller than M\y^z^ ^t, large logarithms lnMw//x compensate 
in the evaluation of Ci{fi) the smallness of the QCD coupling constant ag 
and terms a^'(lnMw/y^)", (InMw/Ai)"^"'^ etc. have to be resummed to 
all orders in ag before a reliable result for Q can be obtained. This can be 
done very efficiently by means of the renormalization group methods. The 
resulting renormalization group improved perturbative expansion for Ci{n) 
in terms of the effective coupling constant as(/x) does not involve large 
logarithms and is more reliable. The related technical issues are discussed 
in detail in [15] and [16]. It should be emphasized that by 2003 the next- 
to-leading (NLO) QCD and QED corrections to all relevant weak decay 
processes in the SM and to a large extent in the MSSM are known. But 
this is another story. 

Clearly, in order to calculate the amplitude A{M F) the matrix ele- 
ments {Qi{lj)) have to be evaluated. Since they involve long distance con- 
tributions one is forced in this case to use non-perturbative methods such as 
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lattice calculations, the 1/N expansion (A'' is the number of colours), QCD 
sum rules, hadronic sum rules and chiral perturbation theory. In the case of 
B meson decays, the Heavy Quark Effective Theory (HQET), Heavy Quark 
Expansions (HQE) and in the case of nonleptonic decays QCD factorization 
(QCDF) and PQCD approach also turn out to be useful tools. However, 
all these non-perturbative methods have some limitations. Consequently 
the dominant theoretical uncertainties in the decay amplitudes reside in 
the matrix elements {Qi{lj)) and non-perturbative parameters present in 
HQET, HQE, QCDF and PQCD. These issues are reviewed in [18], where 
the references to the original literature can be found. 

The fact that in many cases the matrix elements {Qi{p)) cannot be 
reliably calculated at present, is very unfortunate. The main goals of the 
experimental studies of weak decays is the determination of the CKM factors 
VcKM and the search for the physics beyond the SM. Without a reliable esti- 
mate of {QiilJ,)) these goals cannot be achieved unless these matrix elements 
can be determined experimentally or removed from the final measurable 
quantities by taking suitable ratios and combinations of decay amplitudes 
or branching ratios. Flavour symmetries like SU{2)f and 5f7(3)F relat- 
ing various matrix elements can be useful in this respect, provided flavour 
symmetry breaking effects can be reliably calculated. 

2.3. The Basic Idea 

By now all this is standard. It is also standard to choose fi in (2.2) 
of 0{m,i,) and 0(1 — 2GeV) for B and K decays, respectively. But this 
is certainly not what we want to do here. If we want to expose the short 
disctance structure of flavour physics and in particular the new physics 
contributions, it is much more useful to choose /i as high as possible but 
still low enough so that below this the physics is fully described by the 
SM [9]. We will denote this scale by iiq. This scale is 0{Mw,mt). 

We are now in a position to demonstrate that indeed the formula (2.2) 
with a low n can be cast into the master formula (1.1). To this end we first 
express Ci(//) in terms of Cfc(/xo): 

Ciifi) = ^ Uikifi, fio)Ck{no) (2.3) 
k 

where ?7ifc(M, Mo) are the elements of the renormalization group evolution 
matrix (from the high scale to a low scale fi) that depends on the anoma- 
lous dimensions of the operators Qi and on the /3 function that governs the 
evolution of the QCD coupling constant. Ck{no) can be found in the process 
of the matching of the full and the effective theory or equvalently integrating 
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out the heavy fields with masses larger than jiQ. They arc linear combina- 
tions of the master functions Fr{v) mentioned in the opening section, so 
that we have 

Cfe()"o) =9k + Y^ hkrFriy) (2.4) 

r 

where gk and hkr are ^-independent. Inserting (2.3) and (2.4) into (2.2), 
we easily obtain (1.1) with and h^r absorbed into Pc and P^, respec- 
tively. The QCD factors rf^'^^ mentioned in Section 1 are constructed from 
UikilJ', IJ'o) and are fully calculable in the SM. Explicitly we have 

Pe(Decay) = ^ ^ Fj(Q,(/x))C/4(M,/xo)5fe (2-5) 

i,k 

P,(Decay) = ^ ^ y/(g,(//))f/4(//, //o)/ifcr (2-6) 

i,k 

where the additional indices c and t indicate that the CKM parameters 
and QCD corrections in Pc and Pr differ generally from each other. In 
practice it is convenient to factor out the CKM dependence from Pc and Pr 
and wc will do it later on, but at this stage it is not necessary. It is more 
important to realize already here that 

• {Qi{p)) and Uikip, fJ-o) can be calculated fully within the SM as func- 
tions of ctg, oqed and the masses of light quarks, 

• Pc and Pr are fi independent as the dependence cancels between 

{QiifJ,)) and Uik{lJ^,fio), 

• the coefficients gk and h^r are process independent (the basic property 
of Wilson coefficients) and can always be chosen so that they are 
universal within the MFV models considered here. 

This discussion shows that the only "unknowns" in the master formula (1.1) 

are the CKM parameters, hidden in P,. and Pc, and the master functions 
Fr{v). The CKM parameters cannot be calculated within the SM and to 
my knowledge in any MFV model on the market. Consequently they have 
to be extracted from experiment. The functions Fr, on the other hand, are 
calculable in a given MFV model in perturbation theory as as{fJ,o) is small 
and if necessary in a renormalization group improved perturbation theory 
in the presence of vastly different scales. But if wc want to be fully model 
independent within the class of different MFV models, the values of the 
functions Fr should be directly extracted from experiment. 

While the derivation above is given explicitly for exclusive AF = 1 
decays, it is straightforward to generalize it to AF = 2 transitions and 
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inclusive decays. Indeed, the effective Hamiltonian in (2.1) is also the fun- 
damental object in inclusive decays. 

Let us next compare our formulation of FCNC processes with the one 
in [27, 28]. We have emphasized here the parametrization of MFV models 
in terms of master functions, rather than Wilson coefficients of certain local 
operators as done in [27]. While the latter formulation involves scales as 
low as 0{mi)) and 0(1 GeV), the former one exhibits more transparently 
the short distance contributions at scales 0{Mw,mt) and higher. The for- 
mulation presented here has also the advantage that it allows to formulate 
the B and K decays in terms of the same building blocks, the master func- 
tions. This allows to study transparently the correlations between not only 
different B ov K decays but also between B and K decays. This clearly is 
much harder when working directly with the Wilson coefficients evaluated 
at low energy scales. In particular the study of the correlations between K 
and B decays is very difficult as the Wilson coefficients in K and B decays, 
with a few exceptions, involve different renormalization scales. 

Let us finally compare our definition of MFV with the one of [7]. In 
this paper the CKM matrix still remains to be the only origin of flavour 
violation but new local operators with new Dirac structures are admitted 
to contribute significantly. This is in particular the case of MSSM with 
large tan (3 in which Higgs penguins, very strongly suppressed in our version 
of MFV, contribute in a very important manner (see reviews in [31, 32]). 
For instance the branching ratios for — > can be enhanced at 

tan/3 = 0(50) up to three orders of magnitude with respect to the SM and 
MFV models defined here. I find it difficult to put in the same class models 
whose predictions for certain observables differ by orders of magnitude. 

Moreover, in the framework of [7], the new physics contributions cannot 
be always taken into account by simply modifying the master functions as 
done in our approach. As a result this formulation involves more indepen- 
dent parameters and some very useful relations discussed in Section 4 that 
are valid in MFV models discussed here can be violated in the class of mod- 
els considered in [7] even for a low tan (3 and in models with a single Higgs 
doublet. In particular the correlations between semileptonic and nonlep- 
tonic decays present in our approach are essentially absent there. All these 
relations and correlations are important phenomenologically because their 
violation would immediately signal the presence of new phases and/or new 
local operators that are irrelevant in the SM. Only time will show which of 
these two frameworks is closer to the data. 

These comments should not be considered by any means as a critique of 
the formulation in [7], that I find very elegant, but as the first step beyond 
the SM, the definition of MFV given in [6] and used in these lectures appears 
more useful to me. On the other hand the authors in [7], similarly to [9, 10] 



MINIMAL FLAVOUR VIOLATION 



11 



and us here, use as free parameters quantities normalized at a high scale /xq 
so that in their formulation certain correlations between K and B decays 
can also be transparently seen. 

After this general discussion let us have a closer look at the CKM matrix 
and subsequently the functions Fr(v). 



2.4. CKM Matrix and the Unitarity Triangle (UT) 

The unitary CKM matrix [1, 2] connects the weak eigenstates {d',s',b') 
and the corresponding mass eigenstates d, s, b: 



d' \ I V„, K, 



' us 





s' = Vcd Vcs Vcb II s \ = VCKM \ s \ . (2.7) 
b' I \ Vm Vts 

Many parametrizations of the CKM matrix have been proposed in the 
literature. The classification of different parametrizations can be found in 
[33]. While the so called standard parametrization [34] 

C12C13 S12C13 si3e~''^ 

VcKM = I -S12C23 - Cl2S23Sl3e*^ C12C23 - Sl2S23Sl3e*'' S23C13 
S12S23 - Cl2C23Sl3e*'^ -S23C12 - Sl2C23Sl3e*'^ C23C13 

(2.8) 

with Cij = cos 9ij and Sij = sin 9ij = 1,2,3) and the complex phase 5 
necessary for CP violation, should be recommended [35] for any numerical 
analysis, a generalization of the Wolfenstein parametrization [36] as pre- 
sented in [37] is more suitable for these lectures. On the one hand it is 
more transparent than the standard parametrization and on the other hand 
it satisfies the unitarity of the CKM matrix to higher accuracy than the 
original parametrization in [36]. 

To this end we make the following change of variables in the standard 
parametrization (2.8) [37, 38] 

si2 = A, S23 = AX\ si3e-'^ = AX^{g-iri) (2.9) 

where 

A, A, g, ri (2.10) 

are the Wolfenstein parameters with A ^ 0.22 being an expansion parame- 
ter. We find then 

Vud = l- - lA^ Vcs = l- ^A2 - + iA% (2.11) 

% = 1 - ^^'A^ Fed = -A + Ia^X'II - 2{g + ir,)], (2.12) 
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Vus = X + 0{\'), Vub = AX\Q-ivi), Vcb = A\^ + 0{X^), (2.13) 

Vts = -AX^ + ]^A\\l-2{Q + iri)], Vtd = A\^{l-Q-if]) (2.14) 

where terms 0{\^) and higher order terms have been neglected. A non- 
vanishing rj is responsible for CP violation in the MFV models. It plays the 
role of 5 in the standard parametrization. Finally, the barred variables in 
(2.14) are given by [37] 

-Q = Q{1-^), ^ = r?(l-y). (2.15) 

Now, the unitarity of the CKM-matrix implies various relations between 
its elements. In particular, we have 

VudV:^ + + VM = 0. (2.16) 

The relation (2.16) can be represented as a "unitarity" triangle in the com- 
plex [q, ff) plane. One can construct five additional unitarity triangles [39] 
corresponding to other unitarity relations. 

Noting that to an excellent accuracy V^^V*^ is real with jV^^^V^,! = AX? + 
0{}J) and rescaling all terms in (2.16) by A\^ we indeed find that the 
relation (2.16) can be represented as a triangle in the complex {Q,f}) plane 
as shown in fig. 1. Let us collect useful formulae related to this triangle: 




Fig. 1. Unitarity Triangle. 



We can express sin(2/3) in terms of {Q,r]): 
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• The lengths CA and BA are given respectively by [10, 37] 

Vub 



Rh 



\^udYub\ 



(1 



2 



Vcb 

Vtd 



Vcb 



(2.18) 



(2.19) 



The angles (5 and 7 = () of the unitarity triangle are related directly 
to the complex phases of the CKM elements Vtd and respectively, 
through 

Vtd = \Vtd\e-'^, Kb = \Vub\e-'^- (2.20) 
The unitarity relation (2.16) can be rewritten as 

Rbe'^ + Rte-'^ = 1 . (2.21) 



• The angle a can be obtained through the relation 

a + /3 + 7 = 180° . (2.22) 

Formula (2.21) shows transparently that the knowledge of {Rt,(3) allows 
to determine {Rb,j) through 

Rb = Jl + R^-2RtcosP, cot 7 = ^~^.''"!^ - (2.23) 
V Rt sm p 

Similarly, {Rt,l3) can be expressed through (i?(,,7): 



Rt = \l + Rl-2Rb cos 7, cot (3 = — — ^ -. (2.24) 

These relations are remarkable. They imply that the knowledge of the 
coupling Vtd between t and d quarks allows to deduce the strength of the 
corresponding coupling V^b between u and b quarks and vice versa. 

The triangle depicted in fig. 1, \Vus\ and \ Vcb\ give the full description of 
the CKM matrix. Looking at the expressions for Rb and Rt, we observe that 
within the MFV models the measurements of four CP conserving decays 
sensitive to \Vus\, \Vub\, \Vcb\ and \Vtd\ can tell us whether CP violation 
(f/ 7^ or 7 7^ 0, tt) is predicted in the MFV models. This fact is often 
used to determine the angles of the unitarity triangle without the study of 
CP-violating quantities. 
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Fig. 2. Typical Penguin and Box Diagrams in the SM. 



2. 5. Master Functions 

The master functions Fr{v) originate from various penguin and box di- 
agrams. Some examples relevant for the SM are shown in fig. 2. Analogous 
diagrams are present in the extensions of the SM. 

In order to find the master functions Fr{v), wc first express the penguin 
vertices (including electroweak counter terms) in terms of the functions C 
{Z^ penguin), D (7 penguin), E (gluon penguin), D' (7-magnetic penguin) 
and E' (chromomagnetic penguin) . In the 't Hooft-Feynman gauge for the 
propagator they are given as follows: 



(2.25) 



s-id = - iX^^^D{v)s{q^-i^ - ^)(1 - 75)^ (2.26) 
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-sG-d = - i\,9L^E{v)-So.{q^^^ - ^(1 - ^^)T^pdp (2.27) 

sih = i\i^^D'{v)s[ia^xq\rnb{'^ + ^r,)]\h (2.28) 

sG'% = i\t^l^E'{v)7s^[ia^xq\rni,{l+^5)]]T^php, (2.29) 
where is the Fermi constant, 9yj is the weak mixing angle and 

At = V*Vtd, At = V*Vtb . (2.30) 

In these vertices is the outgoing gluon or photon momentum and T" are 
colour matrices. The last two vertices involve an on-shell photon and an 
on-shell gluon, respectively. We have set = in these vertices. 

Similarly we can define the box function S {AF = 2 transitions), as well 
as AF = 1 box functions B'^^ and B^^^^ relevant for decays with and ^fi 
in the final state, respectively. Explicitly: 

Box(A5 = 2) = Xj-^M^S{v)isd)v-A(.sd)v-A (2.31) 

Box(r3 = 1/2) = " B''^v){sd)v-A{i>i^)v-A (2.32) 

V2 27r sm^fc'w 



Gp a 



Box(r3 = -1/2) = - A,^ ^ . . Bi'i'{v)isd)v-A{flfi)v-A (2.33) 



V2 27r 



sm 



where T3 is the weak isospin of the final lepton. In the case of AF = 1 
box diagrams with uu and dd in the final state we have to an excellent 
approximation 

S""(u) = B'^^'iv), B'^{v) = B^'^iv), (2.34) 

simply because these relations are perfect in the SM and the contributions 
of new physics to AF = 1 box diagrams turn out to be very small in the 
MFV models. In case of questions related to "i" factors and signs in the 
formulae above, the interested reader is asked to consult [13, 15]. 

While the AF = 2 box function 5* and the penguin functions E, D' and 
E' are gauge independent, this is not the case for C, D and the AF = 1 
box diagram functions B'^'^ and B^^P". In the phcnomcnological applications 
it is more convenient to work with gauge independent functions [9] 

X{v) = C{v)+B''''{v), Y{v) = C{v)+B^'f^{v), Z{v) = C{v)+^D{v). 



(2.35) 
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Indeed, the box diagrams have the Dirac structure {V — A) {V — A), the 
Z'^ penguin diagram has the {V — A)'^{V — A) and {V — A)0V components 
and the 7 penguin is pure {V — A) 1^ V. The X and Y correspond then 
to hnear combinations of the (V — A) {V — A) component of the 
penguin diagram and box diagrams with final quarks and leptons having 
weak isospin T3 = 1/2 and T3 = —1/2, respectively. Z corresponds to the 
linear combination of the {V — A)<SiV component of the Z^ penguin diagram 
and the 7 penguin. 

Then the set of seven gauge independent master functions which govern 
the FCNC processes in the MFV models is given by: 

S{v), X{v), Yiv), Z{v), E{v), D'iv), E'{v) . (2.36) 

In the SM we have to a very good approximation (x( = m1/M^): 

(2.39) 

^»<-'> = (16^)°" ' = "-i^ iwh^r ■ 

The subscript "0" indicates that these functions do not include QCD cor- 
rections to the relevant penguin and box diagrams. Exact expressions for 
all functions can be found in [15]. Let us also recall that in the SM 

B^^{v) = -4 Bo{xt), B^~^{v) = -Bo{xt) (2.41) 

with Bo{xt) = -0.182 for mt = 167 GeV. 

Generally, several master functions contribute to a given decay, although 
decays exist which depend only on a single function. We have the follow- 
ing correspondence between the most interesting FCNC processes and the 
master functions in the MFV models [10]: 



- ifO-mixing {sr) S{v) 

- Bl^-mbcmg (AM,,d) S{v) 

K TTl'l', B — > Xd^gT^V ^i^) 

Kl fJ-fi, Bd,s II y{v) 

Kj^ TT^e+e- Y{v), Z{v), E{v) 

e', Nonleptonic AB = 1, AS = 1 X{v), Y{v), Z{v), E{v) 

B ^ X,7 D'{v), E'iy) 

B^Xs gluon E'{v) 

B Xsl+l~ Y{v), Z{v), E{v), D'{v), E'{v) 
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This table means that the observables hke branching ratios, mass differ- 
ences AM(i^s ill -^d s ~ s-mixing and the CP violation parameters e und 
e', all can be to a very good approximation (see below) entirely expressed in 
terms of the corresponding master functions and the relevant CKM factors. 
The remaining entries in the relevant formulae for these observables are low 
energy parameters present in Pc and that can be calculated within the 
SM. 

2.6. A Guide to the Literature 

The formulae for the processes listed above in the SM, given in terms of 
the master functions and CKM factors can be found in many papers. We 
will recall the main structure of these formulae in Section 4. The full list 
using the same notation is given in [16]. An update of these formulae with 
additional references is given in two papers on universal extra dimensions 
[40, 41], where one has to replace Fr{xt^ by Fr{v) to obtain the formulae 
in a general MFV model. The super symmetric contributions to the functions 
S, X, Y, Z and E within the MSSM with minimal flavour violation are 
compiled in [42]. See also [23, 27, 43, 44], where the remaining functions 
can be found. The QCD corrections to these functions can be found in 
[45, 46, 47, 48, 49, 50, 51, 52]. The fuU set of Fr{v) in the SM with one 
extra universal dimension is given in [40, 41]. 

2.7. Comments on QCD Corrections 

Let us next clarify the issue of QCD corrections in this formulation. To 
this end let us consider AM^ that parametrizes the — mixing. Only 
one master function, S{v), contributes to AM^ in the models considered 
here. Within the SM we can write 

AMa = a{Q{fib))U{iJib, mo)Cq(/xo) (2.42) 

where /Lt^ = 0{mb) and the coefficient a includes Gp, the relevant CKM fac- 
tor and some known numerical constants. {Qinh)) is the matrix element of 
the relevant local operator and U{jibi l-i-o) the corresponding renormalization 
group factor. Calculating the known box diagrams with W and top quark 
exchanges and including 0{as) corrections one finds [45] 

Cq(^o) = Soixt) [1 + a.(/io)A(/io)] . (2.43) 

As discussed in detail in [15, 16, 45] and in Section 8 of [9], the correction 
A(/xo) contains, in addition to a complicated mt dependence, three terms 
that separately cancel the operator renormalization scheme dependence of 
U{fib, fj,o) at the upper end of this renormalization group evolution, the /xq 
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dependence of U{iJ,b,iJ,o) and the dependence on the scale fit in mt{fJ,t) that 
could in principle differ from /xq. Here, in order to simplify the presentation 
we will not discuss these three corrections separately and will proceed as 
follows. 

Noticing [45] that for jiQ = /if = nit, the correction factor A(/no) is 
essentially independent of rrit, it is convenient, in the spirit of our master 
formula (1.1), to rewrite (2.42) as follows 

AMd = PsSo{xt), Ps = a{Q{nb))U{m„fio)[l + as{no)A{no)] . (2.44) 

The internal charm contributions to AM^ are negiligible and Pc ~ in this 
case. We should keep in mind that in writing (2.44) we have chosen a special 
definition of Pj. and generally only the product P^F^ is independent of this 
definition. 

Beyond the SM we can generalize (2.44) to 

AMd = PsS{v) (2.45) 

with S{v) found by calculating the relevant diagrams contributing to AM^ 
in a given MFV extension of the SM. If in this model 

Cq(/xo) = So{v) [l + a,(/xo)A(/xo)] , (2.46) 

then 

Siv) = So{v) [l + a,(/io)(A(/xo) - A(/xo))] (2.47) 

with So{v) obtained from the relevant diagrams in this model without the 
QCD corrections. In a model independent analysis this discussion is un- 
necessary but if one wants to compare the determined S{v) with the result 
obtained in a given model, the difference between the QCD corrections in 
the SM and in the considered extension at scales O{no) has to be taken into 
account as outlined above. There is no difference between these corrections 
at lower energy scales. 

The second issue is the breakdown of the universality of the master 
functions by QCD corrections. Let us consider the Z° penguin diagrams 
with qq and II coupled to the lower end of the propagator in fig. 2c and 
fig. 2f, where in the case of U only the first diagram has been shown. These 
diagrams contribute to nonleptonic and semileptonic decays, respectively. 
The one-loop bZ^s vertex in diagrams with top quark exchanges and other 
heavy particles is the same in both cases even after the inclusion of QCD 
corrections and consequently the inclusion of these corrections does not spoil 
the universality of C{v). However, the inclusion of all QCD corrections to 
the Z^ penguin diagrams breaks the universality in question because in 
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nonleptonic decays there are diagrams with gluons connecting the one-loop 
hZ^s vertex with the qq hne that are clearly absent in the semileptonic case. 
Similar comments apply to = 1 box diagrams with II and qq on the r.h.s 
of the box diagram. 

In = 1 box diagrams the breaking of universality can also take place 
in principle even in the absence of QCD corrections because the internal 
fermion propagators on the r.h.s of AF = 1 box diagrams in nonleptonic 
decays differ from the ones in semileptonic decays. These diagrams can be 
obtained from the diagram e) in fig. 2. 

The studies of these universality breaking corrections in the SM [46, 49], 
MSSM [42, 50] and the SM with one universal extra dimension [40, 41] show 
that these corrections are very small. In particular, they are substantially 
smaller than the universal 0{as) corrections to the one loop vertex. We 
expect that this is also the case in other MFV models and we will assume it 
in what follows. In the future when the accuracy of data improves, one could 
consider the inclusion of these corrections into our formalism. While this is 
straightforward, wc think it is an unnecessary complication at present. 

The third issue is the correspondence between the decays and the master 
functions given above. In more complicated decays, in which the mixing be- 
tween various operators takes place, it can happen that at NLO and higher 
orders additional functions not listed above could contribute. But they are 
generally suppressed by q;(/Uo) and constitute only small corrections. More- 
over they can be absorbed in most cases into the seven master functions. 

2.8. A Useful Conjecture: Reduced Set of Master Functions 

We know from the study of FCNC processes that not all master func- 
tions are important in a given decay. In particular the contributions of the 
function E{y) to all semileptonic decays are negligible as it is always mul- 
tiplied by a small coefficient Pe- It is slightly more important in e' /e but 
also here it can be neglected to first approximation unless one expects order 
of magnitude enhancements of this function by new physics contributions. 
The dominant contribution from the gluon penguin to e' /e comes from the 
relevant Pc term. 

While the AF = 1 box diagram contributions B'^^ and B^^ are rele- 
vant in the SM, in all MFV models I know, the corresponding new physics 
contributions to these functions have been found to be very small. Conse- 
quently these functions are given to an excellent approximation by (2.34) 
and (2.41). Similar comments apply to the D function for which the SM 
value is Dq = —0.48. This means that the new physics contributions to the 
functions X, Y and Z enter dominantly through the function C. Now, the 
function C depends on the gauge of the W propagator, but this dependence 
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enters only in the subleading terms in rn^/M^f and is cancelled by the one 
of the box diagrams and photon penguin diagrams. Plausible general argu- 
ments for the dominance of the C function and small new physics effects in 
the AF = 1 box diagrams have been given in [53, 54]. 

Finally, as we will see below, the contributions of E'{y) to B ^ Xg^ 
and B — > Xsl^l~ are strongly suppressed by small values of Pg/ and to first 
approximation one can set E'(v) to its SM value in these decays. 

On the basis of this discussion we conjecture that the set of the inde- 
pendent master functions in (2.36) can be reduced to five, possibly four, 
functions 

S{v), C{v), {Z{v)), D'iv), E'{v) . (2.48) 

if one does not aim at a high precision. In this case the table given in Section 
2.5 can be simplified significantly : 



K° - iC_°-mixing (ek) S{v) 

Bls-Bt-^i^ing{AMs,d) S{v) 

K nui', B Xd^s^v C{v) 

^ nfl,B^ II ' C{v) 

i^L ^ TfOe+e- C{v), {Z{v)) 

e'.. Nonleptonic AS = 1, A5 = 1 C{v), {Z{v)) 

B Xsj D'{v) 

B^ Xs gluon E'{v) 

B ^ Xsin- C{v), D'{v), iZ{v)) 



where it is understood that AF = 1 box functions, the functions D and E 
and E' in B ^ Xg^, B Xsl~^l~ and e' /e are set to their SM values. In 
parentheses we give also the full contributions of the Z{v) function in case 
the new physics contributions to D{v) turned out to be more important 
than anticipated above. 



2.9. Summary 

We have presented the general structure of the MFV models. In addition 
to the nonperturbative parameters that can be calculated in QCD, the 
basic ingredients in our formulation are the CKM parameters and the master 
functions F^ . We will now proceed to discuss the determination of the CKM 
parameters. The procedures for the model independent determination of the 
master functions will be outlined in Section 5. 
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3. Determination of the CKM Parameters 

3.1. The Determination of \Vus\, \Vub\ \ Vcb\ 

These elements are determined in tree level semileptonic K and B de- 
cays. The present situation can be summarized by [18] 

I = A = 0.2240 ±0.0036, \Vcb\ = (4:1.5 ± 0.8) ■ 10'^ , (3.1) 
0.086 ± 0.008, \Vub\ = (3.57 ± 0.31) • 10"^ (3.2) 

Rb = 0.37 ± 0.04 . (3.3) 

There is an impressive work done by theorists and experimentalists hidden 
behind these numbers. We refer to [18] for details. See also [35]. 

The information given above determines only the length Rb of the side 
AC in the UT. While this information appears at first sight to be rather 
limited, it is very important for the following reason. As \Vus\, \Vcb\, \Vub\ 
and consequently Rb are determined here from tree level decays, their values 
given above are to an excellent accuracy independent of any new physics 
contributions. They are universal fundamental constants valid in any ex- 
tension of the SM. Therefore their precise determinations are of utmost 
importance. 

3.2. Completing the Determination of the CKM Matrix 

We have thus determined three out of four parameters of the CKM ma- 
trix. The special feature of this determination was its independence of new 
physics contributions. There are many ways to determine the fourth param- 
eter and in particular to construct the UT. Most promising in this respect 
are the FCNC processes, both CP-violating and CP-conserving. These de- 
cays are sensitive to the angles and 7 as well as to the length Rt and 
measuring only one of these three quantities allows to find the unitarity 
triangle provided the universal Rb is known. 

Now, we can ask which is the "best" set of four parameters in the CKM 
matrix. The most popular at present are the Wolfenstein parameters but 
in the future other sets could turn out to be more useful [55]. Let us then 
briefly discuss this issue. I think there is no doubt that \Vus\ and \ Vcb\ have 
to belong to this set. Also Rb could in principle be put on this list because 
of its independence of new physics contributions. But the measurement of 
iKfb/Kbl and consequently of Rb is still subject to significant experimental 
and theoretical uncertainties and for the time being I do not think it should 
be put on this list. 



\Vub\ 
\Vc 



cb\ 



implying 
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A much better third candidate is the angle /? in the unitarity triangle, 
the phase of Vtd- It has been measured essentially without any hadronic 
uncertainty through the mixing induced CP asymmetry in ipKs [56, 

57] and moreover within the MFV models this measurement is independent 
of any new physics contributions. The master functions Fj. do not enter the 
expression for this asymmetry. 

The best candidates for the fourth parameter arc the absolute value 
of \Vtd\ or Rt, the angle 7 and the height fj of the UT. These three are 
generally sensitive to new physics contributions but in the MFV models 
there are ways to extract Rt and 7 and consequently also f] independently 
of new physics contributions. The angle 7 can be extracted from strategies 
involving charged tree level B decays that are insensitive to possible new 
physics effects in the particle-antiparticle mixing but this extraction will 
only be available in the second half of this decade. Other strategies for 7 
are discussed in [12, 22]. Certainly the popular B Ktt decays cannot be 
used here as the determination of 7 in these decays depends sensitively on 
the size of electroweak penguins [58], even in MFV models, and moreover 
the hadronic uncertainties are substantial. 

It appears then that for the near future the fourth useful parameter is 
Rt which within the MFV models could soon be determined from the ratio 
AM(i/AMs {B^ ^ — B^^ mixing) independently of the size of the master 
function S{v). The corresponding expression will be given below. 

To summarize, the best set of four paramaters of the CKM matrix ap- 
pears at present to be [55] 



with Rt determined from AMrf/AM^. The elements of the CKM matrix are 
then given as follows [55] : 



IK 



\VcA 



Rt 



(3.4) 



Vud = l- - + C(A^), Vub = 



A 



\Vcb\ l-Rte'^ , (3.5) 



1- A2/2 



Vcd = -^ + \mb\^ - AlKbP [1 - Rte'"] + O(A^), 
Vus = X + O(A^), Vcs = l- ^A2 - ^A^ - ^iKbl' + O(A^), 
Vth = l- ^iKbl' + O(A^), Vtd = MVcb\Rte-'^ + O(A^), 
Vts = -\Vcb\ + \x^\Vcb\ - X^\Vcb\ [1 - Rte'^] + 0{X^) , 



(3.6) 



(3.7) 



(3.8) 



(3.9) 



where in order to simplify the notation we used A instead of \Vu 
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The CKM matrix determined in this manner and the corresponding 
unitarity triangle with 

Q = 1 — Rt cos j3, fj = Rt sin j3 (3.10) 

are universal in the class of MFV models. We will determine the universal 
unitarity triangle (UUT) below. 

3.3. General Procedure in the SM 

After these general discussion let us concentrate first on the standard 
analysis of the UT within the SM. A very detailed description of this analysis 
with the participation of the leading experimentalists and theorists in this 
field can be found in [18]. The relevant background can be found in [12, 13]. 

Setting A = \Vus\ = 0.224, the analysis proceeds in the following five 
steps: 

Step 1: 

Prom 6 — *• c transition in inclusive and exclusive leading B meson decays 
one finds \Vcb\ as given in (3.1) and consequently the scale of the UT: 

\Vcb\ =^ X\Vcb\ = X^A, (^ = 0.83 ±0.02). (3.11) 

Step 2: 

Prom b ^ u transition in inclusive and exclusive B meson decays one 
finds iFub/Fcfel as given in (3.2) and consequently using (2.18) the side CA = 
Rb of the UT: 

Vub 



Vcb 



R^ = ^JY^ = 4.35 



Vub 



Vcb 



=^ Rb = 0.37 ± 0.04 . 

(3.12) 

Step 3: 

From the experimental value of the CP-violating parameter sk that 
describes the indirect CP violation in K ^ mr and the standard expression 
for box diagrams one derives the constraint on {g, fj) [59] 



[1 - g)A^r]^'^^Soixt) + Pde)] A^Bk = 0.187, (3.13) 



where Pc{s.) = 0.29ib0.07 [60] summarizes the contributions of box diagrams 
with two charm quark exchanges and the mixed charm-top exchanges. The 
dominant term involving r/^*^"^ = 0.57 it 0.01 [45] represents the box contri- 
butions with two top quark exchanges. Bk is a non-perturbative parameter 
for which the value is given below. As seen in fig. 3, equation (3.13) specifies 
a hyperbola in the {g, fj) plane. 
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T\ 



4 /^C- 









Fig. 3. Schematic determination of the Unitarity Triangle. 



Step 4: 

From the measured AM^i that represents the B'^^ — B'^ mixing and the 



box diagrams with two top quark exchanges the side AB 
can be determined: 



Vu\ = 7.8 • 10-3 



230 MeV 



= 0.85 • 



7.8 • 10-3 



0.041 



cb\ 



Rt of the UT 



(3.14) 



0.50/ps_ 



1 0.5 



/ 0.55 



/ 2.40 
Soixt) 



(3.15) 



Here ^^ Bb^Fb^ is a non-perturbative parameter and rf^^^ = 0.55ib0.01 the 
QCD correction [45, 61]. Moreover mt(mt) = (167ib5) GeV. The constraint 
in the {g, fj) plane coming from this step is illustrated in fig. 3. 
Step 5: 

The measurement of AMs together with AM^ allows to determine Rt 
in a different manner: 



Rt = 0.90 



r e 1 


jlSA/ps 


1 AMa 


1.24 


V AM, \ 


1 0.50/ps 



BbsFbs 



(3.16) 



One should note that nit and \Vch\ dependences have been eliminated this 
way and that ^ should in principle contain much smaller theoretical uncer- 
tainties than the hadronic matrix elements in AM^ and AM, separately. 
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The main uncertainties in these steps originate in the theoretical uncer- 
tainties in Bk and ^^^^Fg^ and to a lesser extent in ^ [18]: 



Bk = 0.86 ± 0.15, y BaFs^ = (235I^f) MeV, ^ = 1.24 ± 0.08 . (3.17) 

Also the uncertainties due to iKtt/^bl in step 2 are substantial. The QCD 
sum rules results for the parameters in question are similar and can be found 
in [18]. Finally [18] 

AMd = (0.503 ±0.006)/ps, AM^ > 14.4/ps at 95% C.L. (3.18) 

3.4. The Angle (3 from B^ i/jKs 

One of the highlights of the year 2002 were the considerably improved 
measurements of sin 2/3 by means of the time-dependent CP asymmetry 

a^Ksit) = -HKs sin(AMdt) = - sin 2/3 sin(AMdt) . (3.19) 

The BaBar [56] and Belle [57] collaborations find 

( ■ 0R\ _ / 0-'^41 ± 0.067 (stat) ± 0.033 (syst) (BaBar) 
(,sm llJ)^Ks - I 0.719 ± 0.074 (stat) ± 0.035 (syst) (Belle). 

Combining these results with earlier measurements by CDF, ALEPH and 
OPAL gives the grand average [62] 

(sin 2^)^Ks = 0.734 ± 0.054 . (3.20) 

This is a mile stone in the field of CP violation and in the tests of the SM 
as we will see in a moment. Not only violation of this symmetry has been 
confidently established in the B system, but also its size has been measured 
very accurately. Moreover in contrast to the five constraints listed above, 
the determination of the angle (3 in this manner is theoretically very clean. 



3.5. Unitarity Triangle 2003 (SM) 

We are now in a position to combine all these constraints in order to 
construct the unitarity triangle and determine various quantities of interest. 
In this context the important issue is the error analysis of these formulae, in 
particular the treatment of theoretical uncertainties. In the literature the 
most popular are the Bayesian approach [63] and the frequentist approach 
[64]. For the PDG analysis see [35]. A critical comparison of these and 
other methods can be found in [18]. I can recommend this reading. 
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In fig. 4 we show the result of the recent update of an analysis in collab- 
oration with Parodi and Stocchi [55] that uses the Bayesian approach. The 
allowed region for {g,fi) is the area inside the smaller ellipse. We observe 
that the region ^ < is disfavoured by the lower bound on AMg- It is clear 
from this figure that the measurement of AMg giving Rt through (3.16) will 
have a large impact on the plot in fig. 4. 




D 

Fig. 4. The allowed 95% regions in the (p, fj) plane in the SM (narrower region) 
and in the MFV models (broader region) from the update of [55] . The individual 
95% regions for the constraint from sin 2/3, AMg and Rb are also shown. 



The ranges for various quantities that result from this analysis are given 
in the SM column of table 1. The UUT column will be discussed soon. The 
SM results follow from the five steps listed above and (3.20) implying an 
impressive precision on the angle /?: 

(sin2/?)tot = 0.705t0:°^2^ p = (22.4 ± 1.5)° . (3.21) 

On the other hand (sin 2/3) j^^^ obtained by means of the five steps only is 
found to be [55] 

(sin 2P)ind = 0.685 ± 0.052, (3.22) 

demonstrating an excellent agreement (see also fig. 4) between the direct 
measurement in (3.20) and the standard analysis of the UT within the 
SM. This gives a strong indication that the CKM matrix is very likely 
the dominant source of CP violation in flavour violating decays and gives a 
support to the MFV idea. In order to be sure whether this is indeed the case, 
other theoretically clean quantities have to be measured. In particular the 
angle 7 that is more sensitive to new physics contributions than /?. We refer 
to [12] and [22] for reviews of the methods relevant for this determination. 
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Table 1. Values for different quantities from the update of [55]. Aj 



Strategy 


UUT 


SM 




0.361 ± 0.032 


0.341 ± 0.028 


Q 


0.149 ± 0.056 


0.178 ± 0.046 


sin 2/3 


n 71 +0.037 


n 705 +0-042 


sin 2a 


0.03 ± 0.31 


-0.19 ± 0.25 


1 


(67.5 ± 8.9)° 


(61.5 ± 7.0)° 




0.393 ± 0.025 


0.390 ± 0.024 


Rt 


0.925 ± 0.060 


0.890 ± 0.048 


AMs (ps"^) 


17.3l?i 




\Vu\ (10-3) 


8.61 ± 0.55 


8.24 ± 0.41 


ImXt (10-4) 


1.39 ± 0.12 


1.31 ± 0.10 



3.6. Unitarity Triangle 2003 (MFV) 



In a general MFV model the formulae (3.11)-(3.20) still apply with 
So{xt) replaced by the master function S{v). In particular as emphasized in 
[65], S{v) could be negative resulting in < 0. As found in [65, 7] this case 
is disfavoured but not yet excluded. Here we will only consider S{v) > 0. 
We recall that in the absence of new CP violating phases, (3.20) determines 
a universal angle f3 in the MFV models. Moreover we note that not only 
(3.20) but also (3.11), (3.12) and (3.16) do not involve S{v) and are universal 
within the MFV models. Using only them allows to construct a universal 
unitarity triangle (UUT) common to all these models [6]. The apex of the 
UUT is positioned within the larger ellipse in figure 4 as obtained recently 
in an update of [55]. The results for various quantities of interest related to 
this UUT are collected in table 1. A similar analysis has been done in [7]. 

It should be stressed that any MFV model that is inconsistent with the 
broader allowed region in figure 4 and the UUT column in table 1 is ruled 
out. We observe that there is little room for MFV models that in their 
predictions for UT differ significantly from the SM. It is also clear that to 
distinguish the SM from the MFV models on the basis of the analysis of 
the UT presented above, will require considerable reduction of theoretical 
uncertainties. Therefore for the near future the most precise determination 
of the UUT will come from sin 2/3 measured through a^/^-^ and the ratio 
AMj/AMrf as advocated in Section 3.2. 
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4. Relations from Minimal Flavour Violation 

4-1. Preliminaries 

We have seen that an UUT could be constructed. In this construction 
the relation between Rt and the ratio AM^/ AMg, that does not depend on 
Fr, played an important role. It is clear from the tables in Sections 2.5 and 
2.8 that there are other interesting relations between branching ratios and 
various observables which similarly to UUT are independent of Fr. These 
relations are very important for testing the general concept of MFV. In 
order to illuminate the origin of the MFV relations in question we will now 
list the formulae for most important decays in the MFV models. Because of 
space limitations our presentation will be reduced to the minimum. Details 
on these formulae can be found in [13, 15, 40, 41] and references therein. 
The numerical constants in the formulae below correspond to [35] and 

sin^ 0^ = 0.231, a = A = 0.224 (4.1) 

128 



with the first two given in the MS scheme. They differ slightly from those 
in [13, 15, 40, 41]. 

4-2. Basic Formulae 

4.2.1. The ejc Constraint 

Similarly to (3.13) we have 



V 



{1- Q)A^r]§^^S{v) + Pc{e) A^Bk = 0.187, (4.2) 



2 ; 



where Pc{e) = 0.29 ± 0.07 and rj^^^ = 0.57 ± 0.01 as before. 

4.2.2. Bl, - Bl, Mixing 

Within the MFV models AMg^^ are given as follows {q = d, s) [16] 

AM, = ^rj'i^'DniB,(.B,F'B,)M^\VtlVt,\^S{v), (4.3) 

where = 0.55 ± 0.01 [45, 61], impling (3.14)-(3.16) with So{xt) in 

(3.15) replaced by S{v). 

4.2.3. K — > -irfp 

The rare decays if+ ir'^uu and Ki, tt^i/u proceed through Z^- 
penguin and box diagrams. As the required hadronic matrix elements can 
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be extracted from the leading semileptonic decays and other long distance 
contributions turn out to be negligible [66], the relevant branching ratios 
can be computed to an exceptionally high degree of precision [46, 47, 48]. 
The basic formulae for the branching ratios are given in MFV as follows 



Br{K^ TT^vv) = 4.78 • 10 



-11 



(4.4) 



Br{Ki^ TT^i^i?) = 2.09 • 10-^° • {ImFtf , 



where 



= ^Pc{X), Ft = ^X{v), X. 



(4.5) 



(4.6) 



and Pc{X) = 0.39 it 0.06 results from the internal charm contribution [46, 
47]. 

Imposing all existing constraints on the CKM matrix one finds [66, 67] 

Br{K+ TT+vu) = (7.7±l.l)-10-^\ Br{Kj^ tt^uv) = (2.6±0.5)-10-^^ 

(4.7) 

where the errors come dominantly from the uncertainties in the CKM pa- 
rameters. This should be compared respectively with the results of AGS 
E787 collaboration [68] and KTeV [69] 



Br{K^ TT^uv) = (15.7 



+17.5N, 
8.2 ) 



10 



-11 



Br{Ki^ -n^vu) < 5.9 • 10"^ . 

(4.8) 



4.2.4. B — > Xs,di'v 

Theoretically clean [46, 70] are also the inclusive decays B — Xs^a^v for 
which the branching ratios read 



Br{B Xquu) = 1.58 • 10" 



Br{B X^eu) 
0.104 



0.54 

J LM 



gx^(.) (4.9) 



where f{z) is a phase space factor for B XcCv. The SM expectation 

Br{B Xsvv) = (3.5 ± 0.5) • 10"^ (4.10) 

is to be compared with the 90% C.L ALEPH upper bound 6.4 • 10""^. The 
exclusive channels are less clean but experimentally easier accessible with 
the 90% C.L BaBar upper bound of 7.0 • lO^^. 
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4.2.5. Kl 



The short distance contribution to the dispersive part of i^L IJ-^IJ- is 
given by [46, 47] 



5r(KL ^ /i+M~)sD = 1-95 • 10- 



A 



A5 



(4.11) 



where Pc{Y) = 0.121 ± 0.012 [47]. Unfortunately due to long distance 
contributions to the dispersive part of Kl /t^^/^^, the extraction of 
Br[Ki^ M^M )sD from the data is subject to considerable uncertain- 
ties [71, 72]. While the chapter on this extraction is certainly not closed, 
let us quote the estimate of [71] that reads 



Br{K^ ^ /x+M")sD < 2.5 • 10-9 



(4.12) 



to be compared with Br{Ki, jJL^ = (0.8 ± 0.3) • 10"*^ in the SM. 

On the other hand the parity violating muon polarization asymmetry 
Alr in — > 7r+/i+//- is substantially cleaner [73]. It is given at NLO 
level by [74] 



LR| 



1.78 • 10" 



(4.13) 



A ^'^^^ ^ ' A5 

where r is a phase factor that may depend on various experimental cuts 



4.2.6. Bq fifi 

Next, the branching ratios for the rare decays Eg — > fj,'^fj,~ are given by 

Br{Bg ^ ^+^-) = r(i?,)^7?^ ( " ) F'BmlmBjV,lVtg\^Y\v), 

(4.14) 

where -qy = 1.012 [47] are the short distance QCD corrections evaluated us- 
ing nit = rnt{mt). In writing (4.14) we have neglected the terms 0{m?^/m^^) 
in the phase space factor. In the SM one finds [75] (see Section 4.4) 

Br{Bs nfi) = (3.42±0.54)•10-^ Br{Bd nfi) = (1.00±0.14)-10"^° 

(4.15) 

where to reduce the hadronic uncertainties the experimental data for AM^ 
and as an example AMg = (18.0 ± 0.5)/ps have been used. This should be 
compared respectively with the 90% C.L. bounds from CDF(DO) and Belle 
[76, 77] 

Br{Bs lijl) < 9.5 (16) • 10"^ Br{Bd /x/x) < 1.6 • 10"^. (4.16) 
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4.2.7. Kl TT^e+e" 

The rare decay Kl n^e^e~ is dominated by CP-violating contribu- 
tions. It has been recently reconsidered within the SM [78] in view of the 
most recent NA48 data on Ks 7r^e~^e~ and Kl ir^^j [79] that allow 
a much better evaluation of the indirectly (mixing) CP-violating and CP- 
conserving contributions. The directly CP-violating contribution has been 
know already at NLO for some time [80]. The CP-conserving part is found 
to be below 3- IQ-^^ [78]. 

Generalizing the formula (33) in [78] to MFV models we obtain 



Br{K^ 7r°e+e-)cpv = 10~^^ 
where 



'-'mix -I- L^int [ -|^Q_4 I "T 0(jir I JqZa 



(4.17) 

Cmix = (15.7± 0.3)|a,|2, |a,| = 1.08l°J6, (4.18) 
Cdir = 6.2 • 10-2 {y^A + Vrv) , Ci^t = 0-34 yrv \fC~. (4.19) 



Here 



y7V = Po + Vtl- - ^Z{v) + PeE{v) , y7A = -^^Y{v), (4.20) 
sm Oyj sm Oyj 

where ImA* = Im(V^dV^*), Pq = 2.89 ± 0.06 [80] and Pe is 0(10-^). Con- 
sequently the last term in yjy can be neglected. The effect of new physics 
contributions is mainly felt in yjA as the corresponding contributions in yyy 
cancel each other to a large extent. 

The present experimental bound from KTeV [81] 

Br{KL 7r°e+e-) < 2.8 • 10"^° (90%C.L.) (4.21) 

should be compared with the SM prediction [78] 

Br{Ki^ ^ 7r°e+e-)sM = i^.^lili) ■ 10"^^ . (4.22) 



4.2.8. e'/e 

The formula for the CP-violating ratio e'/e of [82] generalizes to the 
arbitrary MFV model as follows: 

e' 

- = ImXf F^:(v) (4.23) 
e 

where 

Fe' (v) = Po + PxX{v)+Pr Y{v) + Pz Z{v) + Pe E{v) . (4.24) 
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The numerical values of the coefficients Pi can be found in [82] . They depend 
strongly on the hadronic matrix elements of the relevant operators and the 
value of as- For instance for the non-perturbative parameters Rq = 1.2 and 
Rs = 1.0 in [82] and asiMz) = 0.119 one has 

Po = 19.5, Px = 0.6, Py = 0.5, Pz = -12.4, Pe = -1.6 

(4.25) 

with Pq and Pz originating dominantly in the matrix elements of the QCD 
penguin Qq and the electroweak penguin Qg, respectively. On the other for 
Re = 1.6, Rs = 0.8 and as{Mz) = 0.121 one has 

Po = 28.6, Px = 0.6, Py = 0.6, Pz = -10.3, Pe = -2.7 . 

(4.26) 

On the experimental side the world average based on the latest results 
from NA48 [83] and KTeV [84], and previous results from NA31 and E731, 

reads 

e'/e = (16.6 ± 1.6) • lO"'' (2003) . (4.27) 

While several analyses of recent years within the SM find results that are 
compatible with (4.27) it is fair to say, in view of large hadronic uncertainties 
in the coefficients Pi, that the chapter on the theoretical calculations of e'/e 
is far from being closed. For instance with rrit = 167 GeV and ImAt = 1.44 • 
10~^ (see an example in Section 5.5) one finds in the SM e'/e = 17. A ■ 10^^ 
and 32.2 • 10^"^ for (4.25) and (4.26), respectively. The most recent analysis 
with the relevant references is given in [82]. 



4.2.9. B — > Xs'Y and B ^ gluon 

These decays are governed by the magnetic-penguin operators 

Q77 = ^m6S„a'^'^(l+75)bai^,.., QsG = ^^/^^^^(^''"(l+Ts)^^/?^/?^", 
^ ^ (4.28) 

originating in the diagrams of fig. 2d with an on-shell photon and gluon, 
respectively. Their Wilson coefficients are strongly affected by QCD cor- 
rections [85, 86] coming dominantly from the mixing of Qy^ and Qsg with 
current-current operators. 

In the leading logarithmic approximation one has 



Br{B Xsj) = 2.88 • 10" 



Br{B X^eu) 
0.104 



0.54 

W) 



\Vcb\ 



(4.29) 

where f{z) is the phase space factor in Br{B — >■ XcePg)- The Wilson coef- 
ficient ci^'^^^^ is given by 

-0M8D'{v) - 0M2E'{v) - 0.158 (4.30) 
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where we have set /x^ = 5GeV and a^s\Mz) = 0.118. The last term in this 
formula comes from the mixing with the current-current operator Q2 and 
the coefHcients in front of the master functions conic from the renormal- 
ization group analysis. The small coefficient in front of E'{v) makes this 
function subleading in this decay. 

The corresponding NLO formulae that include also higher order elec- 
troweak effects [87] are very complicated and can be found in [88]. As re- 
viewed in [89, 90, 91], many groups contributed to obtain these NLO results, 
in particular Christoph Greub, Mikolaj Misiak and their collaborators. See 
also [92]. 

On the experimental side the world average resulting from the data by 
CLEO, ALEPH, BaBar and Belle reads [18] 

Br{B ^ Xsi)E,>i.mcV = (3.28t0;^i) • 10"^ . (4.31) 
It agrees well with the SM result [88] 

Br{B ^ X,7)|f>i.6Gev = (3-57 ± 0.30) • 10"^ . (4.32) 
The B ^ Xg gluon decay is dominated by QsG with C^q^^ given by 

CsG^i^^b) = -^MAE'iy) - 0.074 (4.33) 

with the last term representing QCD renormalization group effect. The 
NLO corrections have been calculated in [93]. Unfortunately, the remaining 
strong renormalization scale dependence in the resulting branching ratio 
and the difficulty in extracting it from the experiment, make these results 
not yet useful at present. 

4.2.10. B —>■ XsH^n~ and Afb{,s) 

This decay is dominated by the operators 

Qgy = {sh)v-A{lilj)v , QlOA = {sb)v-A{p'fJ')A ■ (4.34) 

They are generated through the electroweak penguin diagrams of fig. 2f and 
the related box diagrams are needed mainly to keep gauge invariance. At 
low 

ml 

also the magnetic operator Qy^ plays a significant role. 

At the NLO level [94, 95] the invariant dilepton mass spectrum is given 

by 

d/dsT{b^sfi+fx-) a2 2 (l-s)2_^^.^ ^^^^^ 



r{b^ cev) 47r2 



c6 



f{z)K{z) 



34 



AnDRZEJ J. BURAS 



where 

U{s) = {l+2s) {\Cf{s)f + |(7iop)+4 (l + ^) «|^+12Cjf ^ ReCf{s) 

(4.37) 

and Cg^(s) is a function of s that depends on the Wilson coefficient Cg and 
includes also contributions from four quark operators. Explicit formula can 
be found in [94, 95]. 

The Wilson coefficients Cg and Cio are given as follows 

Cgii,) = Po + ^^-4Z{v)+PEE{v), Cio(//) = -^^ (4.38) 
sm Oyj sin 

with Po = 2.60 ± 0.25 in the NDR scheme and Pe = O(10~2). Note the 
great similarity to (4.20). Cg and Ciq are defined by 

Cgvif^) = ^Cgi,,), Cioa(m) = ^C'io(/x). (4.39) 

Of particular interest is the Forward-Backward asymmetry in B ^ 
XspL^ IJi~ ■ It becomes non-zero only at the NLO level and is given in this 
approximation by [96] 

'sReCf{s) + 2Cf^'^' 
^fb(s) = -3Cio^ (4.40) 



U{s) 

with U{s) given in (4.37). Similar to the case of exclusive decays [97], the 
asymmetry Afb(s) vanishes at s = sq that in the case of the inclusive decay 
considered is determined through 

soRe Cf (so) + 2C^f ^ = 0. (4.41) 

Apb{s) and the value of sq are sensitive to short distance physics and subject 
to only very small non-pcrtiirbativc uncertainties. Consequently, they are 
particularly useful quantities to test the physics beyond the SM. 

The calculations of ^fb [s] and of sq in the SM have recently been done 
including NNLO corrections [98, 99] that turn out to be significant. In 
particular they shift the NLO value of sq from 0.142 to 0.162 at NNLO. 

The most recent reviews summarizing the theoretical status can be found 
in [91, 28]. On the experimental side the Belle and BaBar collaborations 
[100] reported the observation of this decay and of the X^e+e" channel. 
The 90% C.L. ranges extracted from these papers [101] read 

3.5 • 10"^ < Br{B X,fj+fjr) < 10.4 • 10"^ , (4.42) 

2.8 • 10"^ < Br{B X^/x+zx") < 8.8 • 10"^ (4.43) 
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4-3. Model Independent Relations 

We will now list a number of relations between various observables that 
do not depend on the functions Fr{v) and consequently are universal within 
the class of MFV models. 

1. Prom (4.3), (4.9) and (4.14) we find [29] 

AMrf _ mB.BgFl^ 



Vtd 

Vts 



(4.44) 



Br(B ^ Xavu) 



Br (Br, 



Br{B 



Vt 



td 



Vt 



r{Bd 



ts 



7?2 



Vtd 



Vt 



ts 



(4.45) 



(4.46) 



that all can be used to determine |Vtrf/Vts| without the knowledge of Fr{v) 
[6]. In particular, as already emphasized in Section 3, the relation (4.44) 
will offer after the measurement of AM, a powerful determination of the 
length of one side of the imitarity triangle, denoted usually by Rt. 

Out of these three ratios the cleanest is (4.45), which is essentially free 
of hadronic uncertainties [70]. Next comes (4.46), involving SU(3) breaking 
effects in the ratio of S-meson decay constants. Finally, SU{3) breaking 
in the ratio Bb^/Bb^ enters in addition in (4.44). These SU{3) breaking 
effects should eventually be calculable with high precision from lattice QCD. 

Ehminating iT^d/^tsI from the three relations above allows to obtain 
three relations between observables that are universal within the MFV mod- 
els. In particular from (4.44) and (4.46) one finds [75] 



BrjBs ^ tij2) ^ Bd t{Bs) AMs 
Br{Bd^Hjl) Bsr{Bd)AMd' 



(4.47) 



that does not involve Fb^ and consequently contains substantially smaller 
hadronic uncertainties than the formulae considered above. It involves only 
measurable quantities except for the ratio B^/Bd that is known already now 
from lattice calculations with respectable precision [18]: 



TD 

^ = 1.00 ±0.03, = 1.34 ±0.12, = 1.34 ±0.12 . (4.48) 

Bd 

With the future precise measurement of AM,, the formula (4.47) will give 
a very precise prediction for the ratio of the branching ratios Br{Bq — ^ /x/i). 
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2. Next, combining (4.4) and (4.5), it is possible to derive a very accurate 
formula for sin 2/3 that depends only on the K — > iruu branching ratios and 
Pc{X) [29]: 



sin2,^-^, ,^^ V^(CT-Pe( X)^ 
1 + ri JBo 



where a = 1/(1 — A^/2)^ and we have assumed X > 0. The corresponding 
formula valid also for X < is given in [65]. Here we have defined the 
"reduced" branching ratios 

= 4.78 ■ 10-11 ' = 2.09-10-10 " ^^"^^^ 

It should be stressed that sin 2/3 determined this way depends only on two 
measurable branching ratios and on Pc{X) which is completely calculable 
in perturbation theory. Consequently this determination is free from any 
hadronic uncertainties and its accuracy can be estimated with a high degree 
of confidence. With measurements of Br{K~^ — > tt^vv) and Br{Ki^ 
Tr^i/u) with 10% accuracy a determination of sin 2/? with an error of 0.05 is 
possible. 

Moreover, as in MFV models there are no phases beyond the CKM 
phase, we also expect 

{sm2P)^i,p = {sm2P)j/^Kg, (sin2^)0i^^ (sin2/3)j/^;^g. (4.51) 

with the accuracy of the last relation at the level of a few percent [102]. The 
confirmation of these two relations would be a very important test for the 
MFV idea. Indeed, in K ^ ttvv the phase (3 originates in the penguin 
diagram, whereas in the case of aj/^^s ™ ~ ^^-^ diagram. In the 

case of the asymmetry aj/^^s originates also in B'^ — B'^ box diagrams but 
the second relation in (4.51) could be spoiled by new physics contributions 
in the decay amplitude for B — > (f)Ks that is non-vanishing only at the one 
loop level. 

An important consequence of (4.49) and (4.51) is the following one. For 

a given sin 2/3 extracted from aj/^^s Br{K~^ Tr^vi?) only two values 
of Br{Ki, — > TT^vi'), corresponding to two signs of X, are possible in the full 
class of MFV models, independent of any new parameters present in these 
models [65]. Consequently, measuring Br{Ki, tt^zv;/) will cither select 
one of these two possible values or rule out all MFV models. The present 
experimental bound on Br{K^ — > 'k'^vv) and sin 2/3 < 0.80 imply in this 
manner an absolute upper bound Br{Ki^ -k^vv) < 4.9 • 10~^^ (90% C.L.) 
[65] in the MFV models that is by a factor of three stronger than the model 
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independent bound [103] from isospin symmetry. However, as we will see in 
Section 5.5, even stronger bound on Br{Ki^ tt^vv) can be obtained once 
the data on B ^ Xsji'^ are taken into account. 

3. It turns out that in most MFV models the coefficient C^y is only very 
weakly dependent on new physics contributions. Consequently, as pointed 
out in [41], a correlation between sq in A-pB and Br{B — > Xg'^) exists. It 
is present in the ACD model discussed in Section 6 and in a large class 
of supersymmetric models discussed for instance in [28]. We show this 
correlation in fig. 5. 



0.16 
.15 

o 

.14 
. 13 

12 

1.4 1.5 1.6 1.7 1.8 

[Br{B Xs7) X 10'')2 

Fig. 5. Correlation between ^/Wr{B~^'l('^^ and Jq [41]. The dots are the results 
in the ACD model (see Section 6) for l/R = 200,250,300,350,400,600 and 1000 
GeV and the star denotes the SM value. 

4. Very recently a correlation between the B ttK modes and Br{K^ — 
TT'^i'v) in a MFV new-physics scenario with enhanced penguins has been 
pointed out in [58]. In fig. 6 we show Br[K^ — > 'k'^uv) as a function of 
the variable L that is given entirely in terms of i? ^ tiK observables and 
iKtb/Kbl- For a general discussion of correlations between B — > ttK decays 
and rare decays we refer to [58] . 

5. Other correlations between various decays can be found in [104, 53, 
105, 65, 106]. For instance there exists in addition to an obvious correlation 
between K — > ttvv and B Xquv also a correlation between e' /e and rare 
semileptonic B and K decays. 

4-4- Model Dependent Relations 
4.4.1. Bq fj,fi and AM, 

From (4.3) and (4.14) we derive [75] 

Br{B, ^ /i/Z) = 4.36 • lO'io^^AM,, {q = s, d). (4.52) 

Bq "J (V) 
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Fig. 6. Correlation between Br{K^ tt^vv) and the B ttK variable L. 



These relations allow to predict Br{Bs^d f^fi) in a given MFV model with 
substantially smaller hadronic uncertainties than found by using directly 
the formulae in (4.14). In particular using the formulae for the functions Y 
and S in the SM model of Section 2.5, we find [75] 



Br{Bs fifi) = 3.42 • 10" 



1.46 ps 



1.34 



mt{mt) 
167 GeV 



18.0/ps 

(4.53) 



Br{Bd jip) = 1.00 • 10 



-10 



1.54 ps 



1.34 

"b7 



mt{mt) 
167 GeV 



1.6 



0.50/ps 

(4.54) 

Using mt{mt) = (167 ± 5) GeV, the lifetimes from [18], Bq in (4.48), 
AMrf = (0.503±0.006)/ps and taking as an example AM^ = (18.0±0.5)/ps, 
we find the predictions for the branching ratios in question given in (4.15). 
They are substantially more accurate than the ones found in the literature 
in the past. 



4.4.2. Br{K+ tt+i/P), AMa/AMs and (3. 

In [47] an upper bound on Br{K^ 'k^vu) has been derived within 
the SM. This bound depends only on \ Vch\, X, ^ and AMd/AMs. With the 
precise value for the angle /? now available this bound can be turned into 
a useful formula for Br{K^ — > tt^vv) [107] that expresses this branching 
ratio in terms of theoretically clean observables. In any MFV model this 
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formula reads: 



1 
a 



uRj s\T? 13+^ [Rt cos (3 + 



(4.55) 

where a = 1/(1 - \^/2f, R+ = 7.54 • 10-^ Pc{X) = 0.39 ± 0.06 and Rt is 
given in (3.16). This formula is theoretically very clean and does not involve 
hadronic uncertainties except for ^ and to a lesser extent in \Vch\- We will 
use it in Section 6. 



4.4.3. K+ n+fP, -» 7r°i^P and 

From (4.4), (4.5) and (4.11) it is possible to derive a relation between 
the three decays in question [10] (Pc = -fc(l — '^^/2)) 



Si 



B2+ 



Y{v) 



Pc{X) 



Br{K^ H+H-) 



SD 



with B\ and B2 defined in (4.50). Consequently 

X{v) Pc{X) + v^i - B2 



1.95 • 10-9 

(4.56) 



Y{v) P^{Y) + 

where the signs in case of ambiguities have been chosen as in the SM. 



(4.57) 



5. Procedures for the Determination of Master Functions 

5.1. PrelimAnaries 

The idea to determine the values of the master functions in a model in- 
dependent manner is not new. The first model independent determination 
of S{v) has been presented in [108], subsequently in [109] and very recently 
in [55]. The corresponding analyses for X{v) and Y{v) can be found in 
[65, 105] and [7, 110], respectively. To my knowledge, no direct determi- 
nation of the remaining four functions can be found in the literature, but 
the functions Z{v), D'{v) and E'{v) can be in principle extracted from the 
model independent analyses that use the Wilson coefficients instead of mas- 
ter functions [28]. The function E{v) is very difficult to determine as we 
will sec below. 

In what follows we will assume that the UUT has been found so that 
the universal CKM matrix is known. Moreover, we will assume first that all 
non-perturbative factors like Bk, Fb^ have been calculated with sufficient 
precision. Subsequently we will relax this assumption. 
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5.2. Ideal Scenario 

With the assumptions just made, it is straightforward to determine the 
seven master functions and simultaneously test the general idea of MFV. 
Here we go: 

Step 1: 

S{v) can be extracted from ek, AM,^ and AM^. Finding the same value 
of S{v) in these three cases, would be a significant sign for the dominance 
of MFV in AF = 2 transitions. 

Step 2: 

X{v) can be extracted from K'^ — > tt'^vv, K]^ tt^vv, B — > Xsvv and 
B —>■ X^vi). Again, if MFV is the whole story in the AF = 1 decays with vv 
in the final state, the same value of X{v) should result in these four cases. 

Step 3: 

Y{v) can be extracted from the short distance dispersive part of Kl — 
the parity violating asymmetry Alr and the branching ratios Bd^g ~^ 
IJi^ lJi~ ■ The comments are as in Step 2 with vi) replaced by jifi. 
Step 4: 

Having determined X{v) and Y{v), we can extract the values of Z{v) 
and E{v) by studying simultaneously i^L Tr^e+e" and e' /e. 
Step 5: 

With all this information at hand we can finally find the values of D'{v) 

and E'{v) from a combined analysis of B ^ Xsj, B ^ Xs gluon and 
B — > XgjJL^ iJi~ . To this end the branching ratio for B — > Xg'y and the 
forward-backward asymmetry ApB in 5 ^ Xgii^ are most suitable. 

This scenario is rather unrealistic for the present decade as the theoret- 
ical uncertainties in several of the observables are presently large and their 
precise measurements will still take some time. This is in particular the 
case for Ki^ — n'^n', Ki^ — Tr'^e+e", B ^ Xg gluon and e'/e. Let us then 
investigate, whether by making plausible assumptions about the importance 
of various master functions, we can determine the values of all the relevant 
functions using only observables that are theoretically rather clean. 

5.3. Realistic Scenario 

The idea here is to assume as in Section 2.8 that the dominant new 
physics contributions reside only in five functions C{v), Z(v), S{v), D'{v) 
and E'{v) and to set the remaining ones to the SM values. Here we go again 
but in a somewhat different order: 

Step 1: 

We determine X{y) from — > -k^uv., Ki^ n^iyi?, B — > Xgi^v and 
B X^vv as in the Step 2 of the previous scenario. Taking B^" from the 
SM, we can determine C{v). All these decays are theoretically clean and 
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the success of this determination is in the hands of the experimentahsts and 
their sponsors. 
Step 2: 

The knowledge of C{v) together with B^^ from the SM, ahows to de- 
termine Y{y). Similar we could take D{y) from the SM to find the value of 
Z{v) but this is not necessary as seen in the Step 5 below. 

Step 3: 

From the ratio Br{Bs — > ii'^n~)/AMs, that is theoretically rather clean, 
we can determine the value of Y^{v)/S{v) by means of (4.52) and conse- 
quently S{v). 

Step 4: 

Neglecting the small contribution of E'{v) to -B — > Xg^ we can determine 
D'{v). 

Step 5: 

Having Y{v) and D'{y) at hand we can next extract Z{v) from A-pB, in 
particular from the value of Iq- 

E{v) and E'{v) could then be determined from e' je and B ^ Xs gluon, 
respectively. However, these determinations are rather unrealistic in view of 
the subdominant role of E{v) in e' /e, large hadronic uncertainties in in 
(4.24), very large renormalization scheme dependence in Br{B — ^ Xg gluon) 
and great difficulty in extracting this branching ratio from the data. 

5.4-. Sign Ambiguities 

Needless to say, in the procedures outlined above we did not discuss the 
sign ambiguities in the determination of master functions from branching 
ratios. These ambiguities can easily be resolved when several quantities are 
considered simultaneously. For instance while i^L n^vi' and B — > X^i/P 
are not sentsitive to the sign of X{v), Br{K'^ — ir'^i/i/) is substantially 
smaller for negative X{v). Similar ^fb, Br{B — > Xsl'^l~), Ki^ —> 
Alr, K]^ ■K^e'^e~ and e'/e arc sensitive to the signs of the master func- 
tions. These aspects have been already partially investigated in [65, 58] and 
it will be of interest to return to them in the future when more data are 
available. 

5.5. An Example 

In view of limited data on FCNC processes a numerical analysis along 
the steps suggested above will not be done here. Instead we will present an 
example. To this end let note that from the analyses in [55, 28, 58] one can 
infer the upper bounds S{v) < 3.8 and 



X{v) < 2.7, 



Y{v) < 2.2, 



Z{v) < 1.9 



(5.1) 
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to which I would not hke to attach any confidence level. The bounds in 
(5.1) follow from the Belle and BaBar data [100] on 5 — *■ Xsl'^l~ under 
the assumption that the new physics contributions to AF = 1 and the 
function D can be neglected [58] . Let us then calculate the values of various 
branching ratios assuming the maximal values for the functions X, Y and 
Z in (5.1). 

The CKM parameters are fixed in the following manner. We set A = 
0.224, \Vcb\ = 0.0415 and sin/3 = 0.40. We next assume that AMg = 18.0/ps 
and use (3.16) with ^ = 1.24 to find UUT with (sec (3.10)) 

Rt = 0.91, Rb = 0.40, g = 0.166, fj = 0.364, ^ = 0.983, (5.2) 

\Vcb\ 

\Vtd\ = 8.55 -10-^, ImAt = 1.44 • lO"'', ReAt = -3.14 • 10"^ (5.3) 



Table 2. Example of branching ratios for rare decays in the MFV and the SM. 



Branching Ratios 


MFV 


SM 


Br{K+ TT+vv) X 10^^ 


19.1 


8.0 


Br{Ki^ 7r'>uu) x 10^^ 


9.9 


3.2 


Br{Ki^ ^ )SD X 10^ 


3.5 


0.9 


Br{KL 7r"e+e-)cpv x 10^^ 


4.9 


3.2 


Br{B Xsvv) X lO*' 


11.1 


3.6 


Br{B XdvU) X lO*' 


4.9 


1.6 


Br{Bs /t+/i~) X 10^ 


19.4 


3.9 


Br{Ba — fi+fr) x 10^" 


G.l 


1.2 



The result of this exercise is shown in column MFV of table 2 where 
also the SM results with X = 1.53, Y = 0.98 and Z = 0.68 are shown. In 
the case of Bq fi^fi~ we have used central values of and T{Bg) [18]. 
While somewhat higher values of branching ratios can still be obtained when 
the input parameters are varied, this exercise shows that enhancements of 
branching ratios in MFV by more than factors of six relative to the SM 
should not be expected. Of interest is the high value of Br{Ki^ — > /x"'"/x~)sd- 
It indicates that this decay could give a strong upper bound on the function 
Y if the hadronic uncertainties could be put under control [7]. Even a better 
example is e'/e [104]. With the matrix elements in (4.25) we could get very 
strong upper bounds on the functions X, Y and Z as with the values in 
(5.1) we find e'/e = —2.4- 10~^ in total disagreement with the experimental 
data in (4.27). In the SM we find e'/e = 17 A ■ 10~^. Yet, with the matrix 
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elements in (4.26) the MFV scenario considered here gives e' /e = 16.1 • 10~^ 
in perfect agreement with (4.27). This example demonstrates that until the 
values of Pr in e'/e are put under control, this ratio cannot be efficiently 
used as a constraint on MFV models. 

A similar analysis in a different spirit and a different set of input pa- 
rameters prior to the data of [100] can be found in [7] . 

6. MFV and Universal Extra Dimensions 
6.1. Introduction 

Let us next discuss the master functions and their phenomenological 
implications in a specific MFV model: the SM model with one extra univer- 
sal dimension. This is the model due to Appelquist, Cheng and Dobrescu 
(ACD) [111] in which all the SM fields are allowed to propagate in all avail- 
able dimensions. In this model the relevant penguin and box diagrams 
receive additional contributions from Kaluza-Klein (KK) modes and from 
the point of view of FCNC processes the only additional free parameter 
relative to the SM is the compactification scale 1/R. Extensive analyses 
of the precision electroweak data, the analyses of the anomalous magnetic 
moment of the muon and of the Z — > 66 vertex have shown the consistency 
of the ACD model with the data for 1/R> 250 GeV. We refer to [40, 41] 
for the relevant papers. 

The question then arises whether such low compactification scales are 
still consistent with the data on FCNC processes. This question has been 
addressed in detail in [40, 41, 112]. The answer is given below. 

6.2. Master Functions in the ACD Model 

The master functions in the ACD model become functions of Xt and 
1/R: Fr{xt,l/R). They have been calculated in [40, 41] with the results 
given in table 3. Our results for the function S have been confirmed in [113]. 
For 1/R = 300 GeV, the functions S, X, Y, Z are enhanced by 8%, 10%, 
15% and 23% relative to the SM values, respectively. The impact of the 
KK modes on the function D and the AF = 1 box functions is negligible in 
accordance with our assumptions in subsection 2.8. 

The most interesting are very strong suppressions of D' and E', that 
for 1/R = 300 GeV amount to 36% and 66% relative to the SM values, 
respectively. However, the effect of these suppressions is softened in the rel- 
evant branching ratios through sizable additive QCD corrections, discussed 
already in Section 4. 
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Table 3. Values for the functions S. X. Y. Z. E. D' . E' . C and D. 



l/R [GcV] 


S 


X 


Y 


Z 


E 


D' 


E' 


C 


D 


250 


2.66 


1.73 


1.19 


0.89 


0.33 


0.19 


0.02 


1.00 


-0.47 


300 


2.58 


1.67 


1.13 


0.84 


0.32 


0.24 


0.07 


0.95 


-0.47 


400 


2.50 


1.61 


1.07 


0.77 


0.30 


0.30 


0.12 


0.89 


-0.47 


SM 


2.40 


1.53 


0.98 


0.68 


0.27 


0.38 


0.19 


0.80 


-0.48 



6. 3. The Impact of the KK Modes on Specific Decays 

6.3.1. The Impact on the Unitarity Triangle 

Here the function S plays the crucial role. Consequently the impact of 
the KK modes on the UT is rather smah. For l/R = 300 GeV, \Vtdl fj 
and 7 are suppressed by 4%, 5% and 5°, respectively. It will be difficult to 
see these effects in the {g,f]) plane. On the other hand a 4% suppression 
of \Vtd\ means a 8% suppression of the relevant branching ratio for a rare 
decay sensitive to \Vtd\ and this effect has to be taken into account. Similar 
comments apply to f] and 7. As we work now in a specific model, we 
follow here a different philosophy than in the model independent analysis 
of the previous sections and determine the CKM parameters using also the 
S function, like in the analysis of Section 3. 

6.3.2. The Impact on Rare K and B decays 

Here the dominant KK effects enter through the function C or equiv- 
alently X and Y, depending on the decay considered. In table 4 we show 
seven branching ratios as functions of 1/i? for central values of all remaining 
input parameters. For 1/R = 300 GeV the following enhancements relative 
to the SM predictions are seen: K+ 7r+ui> (9%), Kl ^ t^^'^i' (10%), 
B Xdvu (12%), B Xsvv (21%), Kl ^ MA* (20%), Ba ^ ixji (23%) 
and Eg fifi (33%). The SM values in table 4 differ slightly from those 
given in the example of table 2 due to a different choice of the CKM pa- 
rameters in [40]. 

6.3.3. An Upper Bound on Br{K+ —^ tt+i/P) in the ACD Model 

The enhancement of Br{K^ -k^uu) in the ACD model is interesting 
in view of the results from the BNL E787 collaboration [68] in (4.8) with 
the central value by a factor of 2 above the SM expectation. Even if the 
errors are substantial and this result is compatible with the SM, the ACD 
model with a low compactification scale is closer to the data. 
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Tabk 4. Braucdiiug ratios for rart^ (lc(:a\ s in the iVC.'D iiuxlcl and tin" SM. 



l/R 


250 GeV 


300 GeV 


400 GeV 


SM 


Br{K+ TT+z/P) X 10^^ 


8.36 


8.13 


7.88 


7.49 


Br{Ki^ Tx'^vV) X 10^^ 


3.17 


3.09 


2.98 


2.80 


Br{Ki^ ^ Ai^/i-)sD X 10« 


1.00 


0.95 


0.88 


0.79 


Br[B X^vv) X lO*' 


4.56 


4.26 


3.95 


3.53 


Br{B Xdui?) X 10*^ 


1.70 


1.64 


1.58 


1.47 


Br{Bs X 10^ 


5.28 


4.78 


4.27 


3.59 


Br{Bd /X+/X-) X 10^" 


1.41 


1.32 


1.22 


1.07 



In order to find the upper bound on Br{K^ 'k'^vu) in the ACD model 
we use the formula (4.55) with X{v) given in table 3 and \Vch\ < 0.0422, 
Pc{X) < 0.47, sin/3 = 0.40 and mt < 172 GeV. Here we have set sin 2/3 = 
0.734, its central value, as Br{K^ tt'^vu) depends very weakly on it. The 
result of this exercise is shown in table 5. We give there Br{K~^ — > 7r"'"i'i/)inax 
as a function of ^ and l/i? for two different values of AM,. We observe that 
for l/R = 250 GeV and ^ = 1.30 the maximal value for Br{K~^ — tt'^vi') 
in the ACD model is rather close to the central value in (4.8). 



Table 5. Upper bound on Br{K~^ -k'^vv) in units of 10 for different values 

of ^, l/R and AMs = 18/ps (21/ps) from [40]. 





l/i? = 250 GeV 


l/i? = 300 GeV 


l/i? = 400 GeV 


SM 


1.30 


12.7* (11.3*) 


12.0* (10.7) 


11.3* (10.1) 


10.8 (9.3) 


1.25 


12.0 (10.7) 


11.4 (10.2) 


10.7 (9.6) 


10.3 (8.8) 


1.20 


11.3 (10.1) 


10.7 (9.6) 


10.1 (9.1) 


9.7 (8.4) 


1.15 


10.6 (9.5) 


10.1 (9.0) 


9.5 (8.5) 


9.1 (7.9) 



6.3.4. The Impact on B — > X^'^ and B — > Xg gluon 

Due to strong suppressions of the functions D' and E' by the KK modes, 
the B ^ Xgj and B — ^ gluon decays are considerably suppressed com- 
pared to SM estimates. For l/R = 300 GcV, Br{B Xgj) is suppressed 
by 20%, while Br(B — > Xg gluon) even by 40%. The phenomenological rel- 
evance of the latter suppression is unclear at present as Br{B Xg gluon) 
suffers from large theoretical uncertainties and its extraction from experi- 
ment is very difficult. The suppression of Br{B Xgj) in the ACD model 
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Fig. 7. The branching ratio for B Xsj as a function of 1/R. See text. 

has already been found in an approximate calculation of [114]. 

In fig. 7 we compare Br{B Xg^) in the ACD model with the ex- 
perimental data and with the expectations of the SM. The shaded region 
represents the data in (4.31) and the upper (lower) dashed horizontal line 
are the central values in the SM for rric/rnh = 0.22 (nic/mb = 0.29). The 
solid lines represent the corresponding central values in the ACD model. 
The theoretical errors, not shown in the plot, are for all curves roughly 
±10% 

We observe that in view of the sizable experimental error and consider- 
able parametric uncertainties in the theoretical prediction, the strong sup- 
pression of Br[B — > Xs^) by the KK modes does not yet provide a powerful 
lower bound on 1/i? and the values 1/R> 250 GeV are fully consistent with 
the experimental result. Once the uncertainty due to rric/rni, and the ex- 
perimental uncertainties are reduced, Br{B Xg'j) may provide a very 
powerful bound on 1/R that is substantially stronger than the bounds ob- 
tained from the electroweak precision data. 

6.3.5. The Impact on Afb(s) 

In fig. 8 (a) we show the normalized Forward-Backward asymmetry, 
given in (4.40), for 1/R = 250 GeV. The dependence of so on 1/R is shown 
in fig. 8 (b). We observe that the value of sq is considerably reduced relative 
to the SM result obtained by including NNLO corrections [28, 98, 99]. This 
decrease, as seen in fig. 5, is related to the decrease of Br{B — > ^^7). For 
1/R = 300 GeV we find the value for sq that is very close to the NLO 
prediction of the SM. This result demonstrates very clearly the importance 
of the calculations of the higher order QCD corrections, in particular in 
quantities like sq that are theoretically clean. We expect that the results in 
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figs. 8 (a) and (b) will play an important role in the tests of the ACD model 
in the future. 




05 0.1 0.15 0.2 0.25 




300 400 500 600 700 800 900 1000 
[GeVl 



(a) 



(b) 



Fig. 8. (a) Normalized Forward-Backward asymmetry in the SM (dashed line) and 
ACD for = 250 GeV. (b) Zero of the forward backward asymmetry ApB- 



6.4- Concluding Remarks 

The analysis of the ACD model discussed above shows that all the 
present data on FCNC processes are consistent with 1/R as low as 250 GeV, 
implying that the KK particles could in principle be found already at the 
Tevatron. Possibly, the most interesting results of our analysis is the en- 
hancement of Br[K^ — > TT^vU), the sizable downward shift of the zero (sq) 
in the ^fb asymmetry and the suppression of Br{B — > Xg'y). 

The nice feature of this extension of the SM is the presence of only 
one additional parameter, the compactification scale. This feature allows a 
unique pattern of various enhancements and suppressions relative to the SM 
expectations. We would like to emphasize that violation of this pattern by 
the future data will exclude the ACD model. For instance a measurement 
of So that is higher than the SM estimate would automatically exclude this 
model as there is no compactification scale for which this could be satisfied. 
Whether these enhancements and suppressions are required by the data or 
whether they exclude the ACD model with a low compactification scale, 
will depend on the precision of the forthcoming experiments and the efforts 
to decrease the theoretical uncertainties. 



7. Summary 



In these lectures we have discussed the class of models with MFV as 
defined in [6]. See Section 2 for details. While these models, including the 
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SM, were with us already for many years, we are only beginning to put 
them under decisive tests. We have emphasized here the parametrization 
of MFV models in terms of master functions [9, 10] that has been already 
efficiently used within the SM since 1990. This should be contrasted with the 
formulation in terms of Wilson coefficients of certain local operators as done 
for instance in [27, 28]. While the latter formulation involves scales as low as 
0{mi,) and 0(1 GeV), the former one exhibits more transparently the short 
distance contributions at scales 0{My/,mt) and higher. The formulation 
presented here has also the advantage that it allows to formulate the B and 
K decays in terms of the same building blocks, the master functions. This 
allows to study transparently the correlations between not only different 
B ov K decays but also between B and K decays. This clearly is much 
harder when working directly with the Wilson coefficients. In particular 
the study of the correlations between K and B decays is very difficult as 
the Wilson coefficients in K and B decays, with a few exceptions, involve 
different renormalization scales. I believe that the present formulation will 
be more useful when the data on all relevant decays will be available. 

We have also compared briefly our definition of MFV to a slightly more 
general MFV framework developed in [7] . This comparison is given in Sec- 
tion 2.3. In particular in the latter framework the new physics contributions 
cannot be always taken into account by simply modifying the master func- 
tions as done in our approach. As a result some of the correlations present 
in our approach are not present there. Only time will show which of these 
two frameworks gives a better description of the data. 

We have outlined various procedures for a model independent determi- 
nation of the master functions. While such an approach cannot replace 
the direct calculation of master functions in a given model, it may help to 
test the general concept of MFV. In this context of particular interest are 
relations between various observables that do not involve the master func- 
tions at all. These relations, if violated, would imply new sources of flavour 
violation without the need for precise knowledge of F^. 

At present most of the experimental data that we have to our disposal, 
are consistent with MFV but this information is still rather limited. On the 
other hand there are at least two pieces of data that could point towards 
the importance of new operators, new sources of flavour violation and in 
particular of CP violation. 

These are: 

• The violation of the second relation in (4.51) as seen by Belle [115] 
but not BaBar [116]. A subset of papers discussing this issue is given 
in [117]. 

• The B ttK puzzle: L in fig. 6 is required by the B ttK data to 
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be larger than 1.8, whereas the MFV correlation between B — > ttK 
and B X^/u+^Lt" indicates L < 1.1 [58]. If confirmed with higher 
precision, this result would imply physics beyond MFV. 

Only time will show whether these findings will require to go beyond MFV. 

We have also presented the results of an explicit calculation of master 
functions in the SM with one additional universal extra dimension. The 
dependence of Fr on a single new parameter, the compactification radius 
R, allowed to predict uniquely the signs of the KK contribution to Fr. This 
will allow in the future to test this model when Fr will be extracted from 
the data. 

Our story of the Minimal Flavour Violation is approaching the end. I 
hope I have convinced some readers that this framework is a very good 
starting point for going beyond the Standard Model. We should know 
already in the coming years whether indeed the description of all FCNC 
processes in terms of seven or even only four master functions will survive 
all future tests. In this spirit it will be exciting to follow the experimental 
developments and to see whether all the MFV correlations between various 
observables are confirmed by the future experimental findings. 
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